By using the constrained-phase quantum Monte Carlo method, we performed a systematic study of the pairing correlations in the ground state of the doped Kane-Mele-Hubbard model. We find that pairing correlations with d + id symmetry dominate close to half filling, while pairing correlations with p + ip symmetry dominate as hole doping moves the system below three-quarter filling. We also find these superconducting correlations are robust against varying the spin-orbit coupling. Our numerical results suggest a possible way to realize spin triplet superconductivity in doped honeycomb-like materials or ultracold atoms in optical traps.
Introduction: Correlated materials have remarkable properties and transitions between distinct, competing phases with dramatically different electronic and magnetic orders. Among these transitions and properties, what is happening in the vicinity of various magnetic orders and superconductivity is one of the most actively asked but not yet completely answered questions about heavy-fermion materials [1] , organic superconductors [2] , and such high temperature superconductors as doped cuprates [3] and iron-pnictides [4] . Recently, a new electron physics field has emerged in condensed matter physics, based on the realization of that a spin-orbit interaction can lead to topological electronic phase transitions in which the electron-electron interactions also play a key role [5] [6] [7] [8] [9] [10] . This new field makes it natural to ask what new remarkable properties and transitions might occur between distinct, competing correlated topological electron phases when the spin-orbit interaction is present.
The Hubbard model on a honeycomb-like lattice has been proposed [8] [9] [10] 12] for investigating the effects of electron correlations on the topological properties. To date, the study of electron correlation effects in this model has mainly followed two routes: (1) investigating the effects on the intriguing non-interacting properties of honeycomb material such as graphene [13] , silicene [14] , and germanene [15] and (2) investigating the effects on the topological physics of the non-interacting electrons in the presence of a spin-orbit coupling. When the electronelectron interactions are not zero, more recent studies suggest that superconductivity appears when the model is doped away from half-filling. In particular, the experiments of Sebastian et al. [16] argue that near a quantum critical point(QCP), doping (or applying a pressure) in the vicinity of a quantum phase transition enhances the electron-electron interaction which in turn enhances the superconducting transition temperature.
The honeycomb lattice structure with nearest-neighbor hopping creates a van Hove singularity (VHS) in the noninteracting Hubbard model's density of states (DOS) at 3/4 electron filling [17] . Its existence of this singularity has prompted several groups to suggest important consequences. For example, several [18, 19] have suggested the enhanced DOS near such a VHS may generate singlet superconductivity in the interacting model. Others [20] [21] [22] [23] suggest superconducting d + id pairing dominates in the low doped case. Away from 3/4-filling still other suggest other novel states. Numerically, exact ground-state quantum Monte Carlo (QMC) simulations performed at half-filling found a transition from a semimetal when the electron-electron interaction strength is small. When the interaction strength about U/t=3.5, these simulations found an insulating antiferromagnetic state. Here, U is the strength of the local Coulomb interaction and t the hopping amplitude to nearest neighbor sites in the Hubbard model [24] . For a small range of U/t before the transition to the anti-ferromagnetic state, a possible gapped spin liquid state was advanced. The existence of this state however has been strongly questioned [25] . Non-zero temperature quantum Monte Carlo studies of the Hubbard model on a honeycomb lattice find that antiferromagnetic fluctuations dominate around half filling and ferromagnetic correlations dominate at less than 3/4-filling [17] . Accordingly, the Hubbard model on a honeycomb lattice offers the unique opportunity to perform a numerical analysis of the effects of a variety of quantum critical fluctuations on itinerant charge carriers, with doping being a very relevant control parameter that may lead to new states of matter.
The observations of strong magnetic fluctuations in the Hubbard model on a honeycomb lattice is especially germane to study possible novel forms of superconductivity. A common view, supported by recent experiments [26] , is that the magnetic excitations provide a glue for pairing and in general lead to unconventional superconductivity [27] . With respect to what we learned from our past numerical studies, at least two important questions remain: What happens to the pairing in the Hubbard model on a honeycomb lattice when doped be-low the van Hove singularity [28] ?, and How does the spin-orbit coupling affect the pairing at any doping? In conjunction with these two questions, we can also ask whether p + ip spin triplet superconductivity is possible? A topological superconductor with p + ip pairing symmetry is the most elemental way in which a non-Abelian topological state can emerge as the ground state of a many-body system [29] , and thus provide an ideal platform to construct a possible quantum computer [30] .
In this paper, we perform a systematic study of the ground state pairing correlations in the doped Kane-Mele Hubbard model to address the questions stated above by using the constrained-phase quantum Monte Carlo method. As we show, our results reveal rich physics when both the spin-orbit coupling and the electron-electron interactions are strong. Between half filling and the filling of the VHS, we find that the d + id pairing dominates. Below the lower band VHS filling, we find strong triplet p + ip superconducting correlations. Further, we find that these superconducting correlations are robust against varying the spin-orbit coupling. On the basis of these results, we suggest that triplet p + ip topological superconductivity might be realizable in doped honeycomb-like materials [13] [14] [15] or ultracold atoms in optical traps [32] [33] [34] .
Model and Methods: The Kane-Mele-Hubbard model on the honeycomb lattice,
where t, U , and λ SO are the nearest neighbor(NN) hopping energy, the strength of the on-site repulsion, and the next-nearest neighbor (NNN) spin-orbit coupling strength, respectively. Here c iσ (c † iσ ) annihilates (creates) an electron with spin σ on site i and ν ij = ±1 depending on if the electron makes as "right" or "left" turn when going from i to j.
The constrained-phase quantum Monte Carlo method (PCPMC) [39] [40] [41] [42] [43] [44] is a generalization of the constrainedpath method (CPMC) that is the analog of the fixedphase generalization of the fixed-node Monte Carlo method [38] . The PCPMC method has yielded very accurate results for the ground state energy and other ground state observables for various strongly-correlated lattice models [45] [46] [47] [48] . The PCPMC method is sometimes called the phaseless method [44] .
Briefly, the constrained-path method, as most ground state quantum Monte Carlo methods, projects to the ground state |ψ 0 from some initial state |ψ T via
Using small-sized ∆τ allows each exponential to be accurately approximated by a Trotter approximation, exp −∆τ H ≈ exp −∆τ H 0 exp −∆τ H 1 , where H 0 is the non-interacting part of the Hamiltonian. Here, this is the hopping and spin-orbit parts of (1 After a sufficient number of steps, CPMC method begins to sample the auxiliary fields from the ground state amplitude. For most Fermion simulations this amplitude however is generally not non-negative. The constrainedpath method approximately handles the Fermion sign problem by eliminating any random walker as soon as φ i |ψ T < 0. The presence of the spin-orbit interaction in the Hamiltonian means the ground state cannot be real. To ensure samples come from a real, non-negative distribution, the constrained-phase approximation is made. With a phase θ defined by
two simple forms of constrained-phase method follow [39] from replacing the walker by |φ ← cos(θ)e −iθ |φ and eliminating the walker if ℜ φ i |ψ T 0 or by |φ ← e −iθ |φ which makes φ i |ψ T 0. We found the variances of our expectation values were a bit smaller with the first choice.
Because the Hubbard-Stratonovich transformation transforms the interacting problem into a non-interacting one, expectation values values of many-body correlation functions, for example, products of two creation operators with two destruction others, are easily evaluated with the use of Wick's Theorem which reduces these expectation values to sums of products of equal-time, single-particle Green's functions. This Green's function is a natural product of the method.
Guided by the predictions cited above, we computed superconducting correlation functions for four different pairing symmetries: (a) the d+id NN, (b) the d+id NNN (c) the p + ip NN, (c) and the p + ip NNN symmetries, whose form factors are illustrated in Fig. 1 . These different pairing symmetries are distinguished by different (2) the singlet NN-bond d + id pairing has the form factor
for whatever sublattice A and B, while the NN-bond f p+ip is different for A and B sublattice, where
for A, and accordingly the phase on the same link for B, there is a π phase shift, as that shown in Fig. 1 
The functional form of the pairing correlation function we computed is
where α stands for the pairing symmetry and the corresponding order parameter ∆ †
In this last equation, f α (δ l ) is the form factor, and the vectors δ l (δ ′ l ) denote the NN (NNN) inter-sublattice connections where l = 1, 2, 3 (l = 1, 2, 3, 4, 5, 6) are the different directions.
Results and discussion: In Fig. 2 , we compare the longrange part of pairing correlations for the d + id and p + ip pairing symmetries on the double-75 lattices (two hopping coupled honeycomb lattices each with 75 sites) at U = 3.0 and λ = 0.001. Here, the simulations were performed for the closed-shell cases corresponding to fillings of (a) n =67/75 and (b) n =13/75. The first is a filling well above that of the VHS; the other is below. Agreeing with previous results in doped graphene without spin orbit coupling [21, 23] , one can readily see that C d+id (r) at n =67/75 is larger than C p+ip (r) for most long-range distances between electron pairs. At n =13/75, the NNN-bond C p+ip (r) tends to be larger than the others. From other work [17] , we know that ferromagnetic fluctuations dominate electron fillings below the VHS, and the antiferromagnetic correlation dominate around the half filling. Thus, the p + ip superconducting pairing appears favored by ferromagnetic correlations.
We also show results for larger spin-orbit couplings in Fig. 3 . For the larger spin-orbit coupling of λ = 0.1, the d+id correlations continue to dominate over other pairing forms at n = 67/75, and the p + ip continues to dominate over other pairings at n = 13/75. One interesting point is the pairing correlations with d+ id symmetry are enhanced as the spin-orbit coupling increases, while the p + ip pairing correlation is only slightly suppressed by increasing the spin-orbit coupling.
To establish more firmly the robust presence of the triplet p+ip pairing correlations, we calculated the superconducting correlations for two more pairing symmetries, extended s-wave (Es-wave) and f -wave, at low electron fillings for a larger lattice size. The phases of the pairing forms of Es-wave and f -wave are shown in Fig. 4(a) Figure 5 shows the various pairing correlations as a function of long-range part of the distance on a 2×108 lattice for n = 19/108 (a) and n = 13/108 with U = 3.0 and λ = 0.1. It is clear that the p + ip pairing correlation is larger than the other five pairings of different symmetries and this ranking does not change as the strength of the spin-orbit coupling changes.
A numerical solution for the full phase diagram for the Kane-Mele-Hubbard model is computationally challenging, especially as a function of doping. Over the range of dopings studied, we do however find strong triplet p + ip superconducting correlations, and this pairing is robust against varying the spin-orbit coupling. Because of these results, we argue that robust spin triplet p + ip superconductivity might be present in doped honeycomb-like materials such as doped graphene, silicene, and germanene or ultracold atoms in optical traps.
